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Abstract-In this paper, an Iyengar-type inequality involving bounded second-order derivatives is 
established. Compared with the recent known results, the inequality presented here does not involve 
the derivative of the midpoint of interval. @ 2001 Elsevier Science Ltd. All rights reserved. 
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In the year 1938, Iyengar [l] proved the following interesting inequality. 
THEOREM A. Let f be a differentiable function on [a, b] and If’(z)1 < M1. Then 
IJ 
b 
a 
f(x) dx - ; (b - a)(f(u) + f(b)) 5 My- d2 - (f(b)4-&-(u))2. (1) 
This inequality has been generalized in various directions, see [2,3] for its applications. Recently, 
[4,5] proved the following inequality involving bounded second-order derivatives. 
THEOREM B. Let f E C’[a,b] and If”(z)1 < MS. Then 
IJ ab f(x)dx - f (b - a>(f(a) + f(b)) + ; UJ - aI2 (f’(b) - f’(4) 
(2) 
where A = f’(u) - 2f’((u + b)/2) + f’(b). 
In Theorem B, we see that inequality (2) involves the derivative of midpoint of the interval [a, b]. 
In this paper, we derive an Iyengar-type inequality of (2) replacing f’((u + b)/2) by (f(b) - 
f(u))/(b - a), without involving the derivative of the midpoint (a + b)/2. We will prove the 
following inequality. 
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THEOREM 1. Let f e C2[a, b] and ]f"(x)[ g 342. Then 
l~a b 1 1 (b_a)2( f f (b )_ f f (a ) )  f (x )dx -  5 (b -a) ( f (a )  4-f(b)) 4- 
< M2(b_a)3  (b-a)A~ 
- 24 163/2 ' 
(3) 
where A I = f'(a) - 2(f(b) - f(a))/(b - a) + f'(b). 
PROOF. By Taylor's expansion formula, we get Vx E [a, b] 
1 M2(x  - a) 2 f(x) < f(a) 4- f ' (a ) (x -  a) + 5 (4 )  
and 
1 U~(b - x) 2. (5) f (x)  < f(b) - f'(5)(b - x) + 
Let c = (a + 5)/2 and [5[ < (5 - a)/2, we obtain from (4) and (5) 
fac+6 < (52_____.~a+5)lf,(a)(b2._.__~a ~2 1 (_~ ~) ,3 f (x)  dx f(a) 4- + 5] + -~ ~,I~ 4- (6) 
2 -~ 342 6] (7) 
Then 
where 
b" ;c+6 ~c b fa f (x  dx = f(x) dx 4- f(x) dx < Fo 4- 5 F1 + 6 2 F2, 
Ja +6 
(8) 
Fo -- b -2 a (f(a) 4- f(b)) + -~1 (b - a) 2 (if(a) - f'(b)) A- M2(b - a) 3, 
F1 = f(a) - f(b) 4- ~ (if(a) 4- f'(b)), (9) 
1 
F2 = ~ (if(a) - if(b) + M2(b - a)). 
Denote :2 = M2(b-a), then F2 <_ :2. We minimize F(5) = Fo+SFI+g 2:2 for all 151 _< (b-a)~2, 
5-a  
F ' (5 )=( f (a ) - f (b ) )+- - '~- - -  ( f f (a)+f f (b) )+2(b-a)A125=O,  (10) 
F"(5) = 2M2(b - a) > 0. 
Thus, the minimal point of function F(5) in [5t < (b - a)/2 is 
(11) 
50 = 2(f(b) - f(a))/(b - a) - if(a) - f'(b) _ A1 (12) 
4M2 4M2' 
where A1 = if(a) -2(f(b) - f (a ) ) / (b -a )  +if(b). We can prove 15o[ < (b-a)~2 easily by Taylor's 
expansion formula. And 
F(5o) = Fo (5 - a)A12 (13) 
16M2 
That is f :  f (x )dx  < F(50), 
~aa 1 M2 (b_a) 3 (b-a)A~ (14) 
b 1 (b - a)(f(a) + f(5)) + (b - a) 2 (f'(a) - f'(b)) + -~ 16M2 f(z) dz < 5 
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On the other hand, we use Taylor’s expansion formula again, 
f(z) r f(a) + f’(a)@ - a) - f M2(z - a)2 05) 
and 
Then 
(16) 
(17) 
(18) 
From (16) and (17), we get 
J ab f(x) dx 1; (b - u)(f(u) + f(b)) + f (b - g2 (f’(a) - f’(b)) - 2 (b - g3 “I- ‘bl;,ff, (19) 
By (13) and (18), we obtain inequ~ity (3) and complete the proof. I 
For the application of the inequality, we can refer to [4] for the numerical quadrature rules 
and refer to [Z] for some new bounds between some special means. For example, we can obtain 
similar results [4] for the composed trapezoidal rule by dividing [CZ, b] into 7~ subinterval. See [6,7] 
for other applications. 
For some cases of function f, the right-hand bound in (3) (denote T) is less than the one in (2) 
(denote S). For example, we let a = 0, b = 1, f(z) = P, n = 1,2,. . . , we get the following 
results. 
Table 1. 
n 1 2 3 4 5 6 7 8 9 10 
T 0.0 0.0833 0.2396 0.4792 0.8052 1.2167 1.7128 2.2932 2.9575 3.7056 
S 0.0 0.0833 0.2461 0.4922 0.3246 1.2418 1.7426 2.3268 2.9943 3.7449 
From the proof, we actually can obtain the following inequality: 
IJ ab f@)dx- f @-aKf(af t-f(b)) + f @- 42m) -f'(4) 
< $(b - g3 - (b - u)A; 
8(M2 + (f’(a) - f’(b)1 I@ - a>> ’ 
Furthermore, we can generalize the inequality to weak differentiable mapping. 
THEOREM 2. Let f(x) E Cl([a,b]) and f’(z) satisfy 
Then 
If’(x) - f’(a)1 5 L/x - 4, If’(x) - f’(b)1 2 43 - 4, Vx E [a,b]. 
IJ ab .f(x)dx - ; @-~)(f(a) +f@)) + ; @-42(f'@) -f'(4
(20) 
(21) 
(22) 
where AI = f’(a) - 2(f(b) - f(u))/(b - a) + f’(b). 
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PROOF. As 
f(x) - f(a) - f’(a)(x - u) = 1’ [f’(t) - f’(a)] dx 5 f L(x - u)~, (23) 
a 
and 
f(x) - f(b) + f’(b)@ - z) = 1” [-f’(t) + f’(b)] dz I: f L(b - z)~, (24) 
I 
f(z) - f(u) + f’(u)@ - a) = I= [f’(t) - f’(u)] dx 2 -f L(x - u)~, (25) 
a 
f(z) - f(b) + f’(b)@ - x) = Jb [-f’(t) + f’(b)] dx _> -f L(b - x)~. (26) 
t 
Similar to Theorem 1, we can prove inequality (22) easily. I 
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